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1 Vector Space (Linear Space)

Let us recall our baby time. The most basic algebra we learnt is addition, then we learnt
multiplication as an iterative addition. Vector space is nothing but the addition and s-

multiplication’ is well-defined.

Box 1.1: Vector Space (linear space)

Let the triple (K, 4+, 'x) be a field. A vector space (or linear space) V on a field K
is the triple (V, 4, Q) where Visaset, + : V xV -V and O : K x V — V are the
maps which satisfies the following axioms:*

(V.4)is an abelian group:

i) Yoi,v9 €V v 4+ v9g = v9 + v1;

)
i) Yuy,vg,v3 €V i (v1 +v2) + v3 =v1 + (v2 + v3);
i) eV :YweV:v4+0=0+v=u;

)

iv) VYveV:3—veV:iv+ (—v) =(—v)+v=0;
Q is called an s-multiplication

V) Va,be K:Yw eV :(agb)Qv=aQ(bQc);

vi) Va,be K:Vv eV :(a+gxb) Qv =aQuv+ bQu;

vii) Va € K: Vo, va € V:aQ (v; +v2) =aQu; +aQuy;
) For1e K:VoeV:10v=00a.

viii

We sometimes simply call K-vector space (or K-linear space) V or even just vector
space (or linear space) V.

“We usually do not write © and omit it. But, in this section, we write it explicitly to emphasise
what is the domain.

Remark. For the addition of inverse element of addition, we usually omit the symbol +.
That is for v,w € V,

v—w s v+ (—w) (1.1)

Remark. Particularly, R-vector space is called a real vector space and C-vector space is
called a complex vector space.

Example 1.0.1 (Arrows). Let the set of all arrows in our space be V. The addition and
multiplication rules what we learnt in physics 1 class forms a real vector space V.

Example 1.0.2 (Numbers). R and C are both real vector space with the addition and
multiplication to be the same with the operation we know. C with the addition and multi-
plication to be the same with the operation we know is also complex vector space. But R
cannot be a complex vector space.

Do not confuse with product.



Definition 1.1 (Vector). A wvector is just an element of V' where V' is vector space.

Remark. You might heard to answer the question something is a vector or not. Note that
the same set (or element) can be a vector space or not by choosing the field or opera-
tion. Therefore, in fact, asking something is a vector or not is mathematically inadequate
question.

Example 1.0.3 (n-tuples). A set of n-tuples of real numbers R™ with component-wise
addition and multiplication defined by multiplying the number to each components also
forms a real vector space. Similarly, complex numbers C" with the same operations forms
a complex vector space.

Example 1.0.4 (Matrices). A set of all matrices Mat,, «,, with usual matrix addition and
multiplication with numbers forms a vector space.

Example 1.0.5. A set of n-th order polynomials with real coefficients and the addition
and multiplication of them in usual sense forms a real vector space.

Example 1.0.6 (Functions). The set of all real functions with point-wise addition and
multiplication forms a real vector space. Similarly, the set of all complex functions with
point-wise addition and multiplication forms a complex vector space.

Since we have learnt the set, you might want to check what is the intersection or union
of vector spaces. It is not, however, possible to say the resulting space is what because we
do not know the operation in that union or intersection of that vector spaces.

1.1 Subspace

On the other hand, we can define the addition and multiplication for the subset of vector
space unambiguously from the original operation.

Box 1.2: Subspace

Let (V,+v,Qy) be a K-vector space. For a set U C V, (U, +v,0Oy) is called a
subspace of V if it is vector space. We will also write just U is a subspace of V2.

%y is used to emphasise the operation is defined in the original set V'

Note that the operation is defined in the original vector space V. Since operations are
already commutative, associative and distributive, we need to check if the operations are
closed in U and zero vector 0 is in U (0 € U).

Theorem 1.1. U is a subspace of K-vector space (V, 4+, Q) iff

Va,be K:Vur,uo €U :aWQuy + bQuy € U. (1.2)

I omit the trivial operations in the following examples. I strongly recommend readers
to check what is the addition and multiplication in each example.



Example 1.1.1. A complex vector space R defined above example is a subset of a complex
vector space C.

Example 1.1.2. A real number R is a subspace of R?.

Example 1.1.3. The set of continuous(differentiable, analytic) real functions are the sub-

space of the set of all real functions.
Example 1.1.4. A finite line segment [a,b] C R is not a subset of plane R2.

Using the subspace, we can define the intersection or union of the subspaces unambigu-
ously.

Definition 1.2 (Intersection of subspaces). Let (U1, +, Q) and (Us, +, Q) are the subspace
of V. Then the intersection Uy N Us is called the intersection of subspaces U; and Us.

Theorem 1.2. Let (U, +,9) and (Us, +, V) are the subspace of V. Then (U1 NUs, +, Q)
is also a subspace of V.

Proof. We need to check closure.
Va,be K:Vui,upo € U1 : aQui +bQuy € Uy (1.3)
Va,be K:Vu,ug € Uz : aQu +0Quy € Uy (1.4)
Therefore,
Va,be K:Vuy,us € Uy NU;y: (a@ul +bQuq € U1) A (a@ul +bQuq € Ug) (1.5)
We can rewrite this

Va,be K:Vu,upo e U1 NUy:aQup +bQugy € Uy NUs (1.6)

Definition 1.3 (Union of subspaces). Let (U1, +, Q) and (Us, +, Q) are the subspace of V.
Then the union Uy U U, is called the union of subspaces Uy and Us.

Theorem 1.3. Let (Ui, +,Q) and (U, +,©) are the subspace of V. In general, (U; U
Us, +,Q) is not a subspace of V.

Proof. Let up € Uy and ug € Uy are both nonzero vectors. Then uj +ug ¢ Uy Auj+ug ¢ Us.
Therefore, u; + ug ¢ Uy U Uy and we can conclude that the addition is not closed. O

It is shameful that not all the unions of subspaces are subspaces. In the proof, we
notice that the problem occurs because the addition is not closed. We can extend the set
to make the addition to be closed.



Definition 1.4 (Sum of Subspaces). Let (U, +v,Qy) and (Us, +v, Oy ) are the subspace
of V. Then, the sum of Uy and Us is

Ui +Uy = {u1 +yug €V | up € Uy Aug € UQ}. (17)

The triple (Uy 4+ Us, +v, Oy ) is now a subspace of V. We also simply say that Uy + Us is a
subspace of V. One can extend the sum of many subspaces by iteratively sum each spaces.

Theorem 1.4. Let (Uy,+v,Oy) and (Us, +v, Oy ) are the subspace of V. Then the inter-
section (U U Uy, 4, Q) is a subspace of sum (Uy + Us, +v, Oy ).

Remark. Since both U; and Us contains 0, they cannot be disjoint. But what if there is
other nonzero v € Uy NU>? In that case, the expression in the above definition is redundant
because

uy +uz = (up +v) + (ug — v) (1.8)

and
up €U ANug € Uy <— (U1+U)€U1/\(U2—U)€U2. (1.9)

Since we do not like the redundant expression, we give the special name for the sum of
subspaces when the expression is unique

Box 1.3: Direct Sum

The sum of subspaces of vector space is called direct sum of subspaces if their inter-
section only contains 0. To emphasise it, we use @ instead of +:

U e Us; = {u1 +yvur €V |ug €Ui Aug € Us A(U1 NUz = {0})} (1.10)

where U; and Us are subspace of V.

1.2 Factor space (Quotient space)

Using equivalence relation ~, we could partition the set. Note that one can also define
the addition and s-multiplication uniquely from the original vector space. Therefore, it is

possible to partition the vector space using the equivalence relation.

Box 1.4: Quotient Space (Factor Space)

Let (V,+,Q) be a K-vector space and ~ be an equivalence relation. Let us define
the addition 4+~ : (V/ ~) x (V/ ~) = (V/ ~) and s-multiplication Q. : K x (V/ ~
) — (V/ ~) to satisfy

Va,b e K: Vo, v3 € V: [aQu +bQ 03] = a0 [v1] +~ DO [v2]. (1.11)

Then the vector space (V/ ~, +.,0.) is called a quotient space of V. We just write
V/ ~ is a quotient space of V'




Example 1.4.1. For R?, let us define the equivalence relation to be

(z,y) ~ (@) o y=y" (1.12)
Then, the quotient space R?/ ~ is a quotient space of R2.
Remark. Note that quotient set is not the subset. Therefore, quotient space is not the

subspace.

2 Basis and Dimension

I wish now you are familiar with the operation on the vector space and its importance.
For simplicity of notation, I will skip s-multiplication symbol ¢ from now. That is for the
K-vector space (V,+,Q):

VaeK:veV: av:& aQuo. (2.1)

Since the addition and s-multiplication are closed, we can apply them iteratively. We can,
particularly, define the addition of multiple of given vectors.

Definition 2.1 (Linear Combination). Let V' be a K-vector space. A linear combination
of vi,ve,...,v, € Vis:
a1v1 + agvg + ...+ apv, €V, (2.2)

where ay,as,...,a, € K.

Note that the vector space is important to tell what is vector. In fact, we can define a
subspace of V using linear combinations of given vectors.

Box 2.1: Span

Let V be a K-vector space. The set of all possible linear combination of given
v1,02,...,0, €V, ie.,

span(vi,...,v,) ={a1v1 + ... + apv, €V | ay,...a, € K} (2.3)
is called the span of vi,...,v,. If span(vy,...,v,) = U for some subspace U, we
call vq,...,v, spans U. For the special case, span(vy,...,v,) =V, we call vy, ..., v,
spans V. The set of vectors {vy,...,v,} is called the spanning set or generating set.

Remark. Note that the span space can be obtained just by extending the set to make the
operation closed for given vectors. Therefore, it is the smallest subspace of V' which contains

all vectors vy, ..., v,.
We can ask the reverse question. If vy, ..., v, spans U, are the given vectors minimal?
Or do we need all vy,...,v,7 We can answer by checking independence/dependence of

given vectors.



Definition 2.2 (Linearly Independent). Let V be a K-vector space. We call vectors

v1,V9,...,U, €V are linearly independent when

av1 +agve + ... tap, =0 &= a1 =ay=...=a, =0. (2.4)
We can also write the same definition using the subset by just choosing {vi,ve,...,v,} C V.
In this case, we also say that the set {v1,vs,...,v,} is the set of linearly independent

vectors. Recall that @ C V', therefore, we can also think about the independence of no
vector. Recall “Ex Falso quodlibet”, if there is no given vector, it is linearly independent.
If the given vectors are not linearly independent, we call they are linearly dependent.

Theorem 2.1. If vy, vs,...,v, € V are linearly dependent. Then,
3k€{1,2,...,n}:vk:Zaivi. (2.5)
itk

In other words,

span(vy, ..., vy) = Span(vi, ..., Vk—1, Vk+1,---,Un) (2.6)

Definition 2.3 (Dimension). The dimension of a vector space is the number of possible
set of independent vectors in it or cardinality of independent vector set in it. For K-vector
space V', we denote dim V' for dimension of V. If the dimension of V is finite, we write
dimV < oo.

Theorem 2.2. If the dimension of vector space is finite, we can define it also using the
spanning set. More precisely, let V' be a K-vector space. When span(vy,...,v,) = U, and
| span (v, ..., v,)| = n, the dimension of U is n. We write dim V' = n.

We do not want to suffer from the convergence of series. It needs knowledge of analysis
or topology. Therefore, we will talk about only the linear combination of finite vectors.

Box 2.2: Algebraic Basis (or Hamel Basis)

Let V' be a K-vector space. A subset B C V is called a Hamel basis or algebraic basis

for V' if its elements are linearly independent and its finite subset {ej,...,e,} C B
spans V, that is
n
VUEV:H!vl,...,vneK:U:ZUnen. (2.7)
i=1

The existence of Hamel basis is guaranteed by the axiom of choice. The numbers
v1,...,U, are called the components

Remark. In physics, we say B is complete when {ey,...,e,} C B spans whole space V.
Remark. The basis is not unique. But all Hamel basis for the same space have same

cardinality.

Theorem 2.3. Let V be a K-vector space. The dimension of V' is dimV = |B|, where B
is a Hamel basis for V.



Remark. Do not confuse with the linearly independence and nonuniqueness of basis. When
we chose Hamel basis, the components for the linear expansion is unique.

Theorem 2.4. Let V be a vector space and B a Hamel basis of V. Then B is a minimal
spanning and maximal independent subset of V', i.e., if S C V, then

o span(S) =V = |S| > |B|;
e S is linearly independent = |S| < |B|.

Theorem 2.5. For finite dimensional vector space, dimV < oo and S C V,

e if span(S) =V and |S| =dimV, then S is a Hamel basis of V;
e if S is linearly independent and |S| = dim V/, then S is a Hamel basis of V.

Example 2.5.1. Let U and W be a subspaces for K-vector space V. Moreover, let
{ui,...,u,} and {w1,...,wy} be basis of each subspace. Then,

Span (Ui, ..., Uy, Wi, ..., Wy) =U + W. (2.8)
Particularly, if U N W = {0}, {u1,...,up,w1,...,wy} is the basis of U & W.
Theorem 2.6. Let U and W be a subspaces for K-vector space V. Then,
dim(V+W)=dimV +dim W — dim (V N W). (2.9)
Particularly, for VNU = {0},
dim (Ve W)=dmV 4+ dim W (2.10)

One may recall that it was useful to write every vectors with basis expansion or compo-
nents. But, conceptually, it is not good and make more confusion for understanding. There
is famous saying “A gentleman never chooses a basis.” 1 strongly recommend the readers
not to use the basis expansion as much as possible especially they want to understand the
concepts in linear algebra.

Note that I do not introduce any other operation such as inner product. Therefore,
you do not have the mechanism to find coefficients for given vector.



Index

algebraic basis, 7 linear combination, 6

linear space, 2

basis

) linearly independent, 7
algebraic, 7

Hamel, 7 quotient space, 5

complete, 7
complex vector space, 2 s-multiplication, 2

component, 7 span, 6

dimension, 7

spanning set, 6

subspace, 3

vector space, 7 sum of subspace, 5

direct sum, 5

generating set, 6

vector, 3
vector space, 2

Hamel basis, 7 dimension, 7

References

1
2]

13l

4]

[5]

[6]

Frederic P. Schuller. Geometric anatomy of theoretical physics, September 2013. a b.

Frederic P. Schuller. Lectures from the we-heraeus international winter school on gravity and
light, February 2015. a b.

Sadri Hassani. Mathematical Physics: A Modern Introduction to Its Foundations. Springer
Cham, 2013. ISBN 978-3-319-01194-3. URL
https://link.springer.com/book/10.1007/978-3-319-01195-0.

Sheldon Axler. Linear Algebra Done Right. Springer Undergraduate Mathematics Series.
Springer Cham, 2023. ISBN 978-3-031-41025-3. URL https://link.springer.com/book/
10.1007/978-3-031-41026-07source=shoppingads&locale=de&utm_source=copilot.com.

Peter Szekeres. A Course in Modern Mathematical Physics: Groups, Hilbert Space and
Differential Geometry. Cambridge University Press, 2012. ISBN 9780511607066. URL
https://www.cambridge.org/core/books/course-in-modern-mathematical-physics/
E899DB30C574E2F4D7C861B3097F9813.

StackExchangePhysics. Use of ‘complete’ as in ’complete set of states’ or ’complete basis’,
2014. [Link].


https://www.youtube.com/playlist?list=PLPH7f_7ZlzxTi6kS4vCmv4ZKm9u8g5yic
https://tales.mbivert.com/Lectures_on_Geometric_Anatomy_of_Theoretical_Physics.pdf
https://www.youtube.com/watch?v=7G4SqIboeig&t=3811s
https://richie291.wixsite.com/theoreticalphysics/post/the-we-heraeus-international-winter-school-on-gravity-and-light
https://link.springer.com/book/10.1007/978-3-319-01195-0
https://link.springer.com/book/10.1007/978-3-031-41026-0?source=shoppingads&locale=de&utm_source=copilot.com
https://link.springer.com/book/10.1007/978-3-031-41026-0?source=shoppingads&locale=de&utm_source=copilot.com
https://www.cambridge.org/core/books/course-in-modern-mathematical-physics/E899DB30C574E2F4D7C861B3097F9813
https://www.cambridge.org/core/books/course-in-modern-mathematical-physics/E899DB30C574E2F4D7C861B3097F9813
https://physics.stackexchange.com/questions/98462/use-of-complete-as-in-complete-set-of-states-or-complete-basis

	Vector Space (Linear Space)
	Subspace
	Factor space (Quotient space)

	Basis and Dimension

