A5

NOTE FOR TUTORING

Inner Product Space

Sang-Shin Baak

Korea University, Natural Science Research Institute,
Sejong 30019, Korea

E-mail: psn5210@naver.com

ABSTRACT: References are of course my favorite |1, 2| and additionally, [3-5]. For the basis,
I think [6] explains very well.


mailto:psn5210@naver.com

Contents

1 Bilinear Form and Sesquilinear Form

2 Inner Product and Normed Vector Space
3 Orthonormal Basis

4 Matrices
4.1 Basic Expression
4.2 Expression in the Inner Product Space
4.2.1 Real Vector Space
4.2.2 Complex Vector Space
4.3 Abstract Index Notation

10

12
12
16
16
18
19




1 Bilinear Form and Sesquilinear Form

We have learnt the definition of linear map. It was a unary map. We can extend the map
for n-ary maps using the Cartesian products.

Box 1.1: Multilinear Map

Let (Vi,+v, )y oy (Va, +v,, Ov,), and (W, +w, Ow) be K-vector spaces. If the

map ¢ : Vi x ... x V, — W is linear in each slot. That is, it satisfies Va € K : Vi €
{1,...,} : Yu, €V,

¢(a®‘/1ul +V1 V1,02, ..., U’I’L) = CL@WQS(UL V2, ... a'Un) + Qb(”l)l, s 7vn) (11)

(1.2)

(;5(111, v2, ..., a0y, un +v, Un) = a@wqﬁ(vl, V.. Up) F ¢(Ul’ e ,Un) (1.3)

Remark. The multilinear map is one of the most general map we can think in linear algebra,
since it is a map between vector spaces. In physics, we usually want to calculate vectors
in the same space. In other words, we want the domain to be the Cartesian product of
the same space. Many concepts in the linear algebra such as inner product (in Euclidean
space), outer product, tensors are all just some special case of linear maps.

Definition 1.1 (Multilinear Form). Let (V, 4y, Oy ) be K-vector spaces. If the map

¢: V" =K (1.4)
is multilinear, it is called the multilinear n-form or (covariant) n-tensor.
Remark. The multilinear 2-form is simply called a bilinear form.

Example 1.0.1 (Integration). For the vector space of real functions, we can define bilinear
form as definite integration of the product of real functions, e.g.,

1
[VESK by (f.g) e / F(@)g(z)da. (1.5)
0
Note that the multilinear function is not a linear function.

Definition 1.2 (quadratic form). Let ¢ : V2 — K be a bilinear form. A function ¢ : V — K
defined

YoeV:q) = o(v,v) (1.6)
is called a quadratic form.

Remark. What if we put only one vector in the slot? In that case, the result of bilinear
map is a scalar and we need only one vector for it. Therefore, it is just a one-form.



Definition 1.3 (Slot Notation). For given bilinear form ¢ : V2 — K, we can find a one-form
by putting some vector v € V for it. That is

(pL:V - K)e VY  suchthat YweV:ol(w) = ¢v,w); (1.7)
PRV 5 K)e VY such that  Yw € V : ¢%(w) = ¢(w,v).

We usually use the notation ¢(v,-) for ¢% and ¢(-,v) for ¢F.

Remark. Recall that one-form is also a linear map.

Definition 1.4 (Left/Right Radicals). The left/right radicals are the intersection of all

kernels of QS‘L,/ B That is

rady(¢) = ﬂ ker oL = {w e V |Vv € V : ¢(v,w) = 0}; (1.9)
veV

radg(¢) = ﬂ ker pf = {w e V |Vv e V : ¢(w,v) = 0}; (1.10)
veV

Remark. The radical is just the set of vectors whose value of bilinear form is always zero
for any input in other slot.

Definition 1.5 (Nondegenerate). A bilinear form ¢ : V2 — K is called nondegenerate iff

radr,(¢) = radr(¢) = {0}. (1.11)
where 0 € V is the zero vector in V. Otherwise, it is called degenerate.

We do not yet tell the relation between two slots (inputs) today, we will concentrate
on one simple case.

Box 1.2: Symmetric Bilinear form

Let ¢ : V2 — K be a bilinear form. If it satisfies

Yo, vg € Vi @(vy,v3) = ¢p(va, v1), (1.12)

it is called symmetric.

Example 1.0.2 (zero map). A zero map o : V2 — K by (v1,v2) = 0 is a symmetric
bilinear form.

Example 1.0.3 (four-vector product). In special relativity, we learnt that the four-vector

which can be represented with one time coordinate and three spatial coordinates, v =

(02, vt 02, v3). The four-vector product -

3
v-w = —vow’ + Zviwi (1.13)
i=1

is a symmetric bilinear form.



Remark. The four-vector product we have shown is usually called dot product or inner
product of Minkowski space, or Lorentzian inner product. But this bona fide inner product

is not an inner product.

Definition 1.6 (dot product, inner product, scalar product in real vector space). Let V
be a real vector space. An inner product - : V2 — R is a nondegenerate positive definite

symmetric bilinear 2-form. The positive and definite means:

e positive: Vv eV :v-v > 0;
e definite: Vo e V: (v-v=0 < v =0).

Note that inner product is an extra structure, some special bilinear form in the vector
space. We do not need them for defining the vector space. On the other hand, because it
is so simple and intuitive, we want to extend it more general case, that is, to the complex
vector space. It is, however, not possible to define positive and definiteness in bilinear map.
Since, if v-v > 0,

(iv) - (iv) = i*(v-v) = —(v-v) < 0. (1.14)

Therefore, we want new map, which reduces to the bilinear form if we restrict the field to
be a real number. It is called a sesquilinear form!

Definition 1.7 (Sesquilinear form). Let (V,+y,Q,) be a K-vector space. A sesquilinear
form is a bilinear map (, ) : V? — K which is

e linear on the right slot:

Vo,wi,we €V :VzeC: (v,wy +v 20y ws) = (v,w1) + 2(v,ws); (1.15)

e antilinear on the left slot:
Vo, vp,w eV :VzeC: (v +v 20y v, w) = (v, w) + Z(v2, w) (1.16)
where Z is the complex conjugate.?
Remark. If K =R, the sesquilinear form is just the bilinear form.

Definition 1.8 (Symmetric). A sesquilinear map { , ) : V2 — K is symmetric if

Vo,weV: (v,w) = (w,v) (1.17)

Box 1.3: Hermitian Form

For complex vector field V', the symmetric sesquilinear form is called the Hermitian

form.

lsesqui is a Latin word for one and half times.
2In fact, is is some ‘conjugation’ defined with involution. But, since we want to focus on the real and
complex vector space, we will just use the complex conjugate here.



2 Inner Product and Normed Vector Space

Now we are ready to introduce the inner product in general.

Box 2.1: Inner Product

Let (V,+,9) be a K-vector space. An inner product { , ) : V2 — K is a positive
definite Hermitian form. That is

e positive: Vv € V : (v,v) > 0;

o definite: Vo e V : (v,v) =0 <= v =0;

e symmetric: Yo, w € V : (w,v) = (v,w);

e sesquilinear: Vz € K: Vo, wi,ws € V : (v, w1 + zwz) = (v, w1) + 2(v, wa).

Note that because of symmetry condition, we do not need to check left slot. The
vector space with inner product is ((V, +,0),(, >) is called an inner product space.
In general, the basic operations for the vector space +, " are omitted and we just
write pair (V, (, )).

\. J

Remark. When we learnt the dual map, the coordinate map gives us the coefficients in
the linear combination expression of given basis. On the other hand, we do not know
the relation between basis vectors, because we need binary map to get the relation of two
vectors. This strong additional map, inner product, finally allow us to settle the relation
between basis vectors such as orthogonality.

Definition 2.1 (orthogonal). Two vectors v,w € V are called orthogonal if (v, w) =0

Theorem 2.1 (orthogonality of 0). For 0 € V, Vv € V : (0,v) = 0. Therefore 0 is
orthogonal to every vector even for itself.

For the basis vector, we also want it not only orthogonal, but also normalised. For it,
we need the definition of norm.

Box 2.2: Norm

Let V be a K-vector space. The norm on V', denoted || - || : V — R, satisfies following

four axioms:

e positive: Vv e V : ||v]| > 0;
e definite: Vo e V : [[v]| =0 <= v =0;
e absolute homogeneous: Vz € K:v e V : ||zv| = |z]||v];

e Triangle Inequality: Vo, w € V : ||jv + w| < [jv]| + ||w]|.

A vector space equipped with norm, denoted as a pair (V, || -||), is called a normed
vector space.




Remark. The inner product and norm has the common property of positive definiteness.
Therefore, we can naturally define the norm induced from the inner product.?

Theorem 2.2. We induce a norm in the inner product space defined by
o]l = v/ (v,v). (2.1)

We will prove this after introducing several theorems. Note that the following theo-
rems can be written with inner products only. But then, we do not have the meaning of
norm (length). It is logical to write all with only inner products and then introduce norm
expression later. But I do not want to write the same things again and again. Forgive me
for the laziness.

Theorem 2.3 (Pythagorean Theorem). Let u,v € V' be orthogonal, i.e., (u,v) = 0. Then
lu+ ol = ull® + [|o]* (2.2)
Proof.

|u+v||? = (u+v,u+v)
= (u,u) + (u,v) + (v,u) + (v,v)
= (u,u) + (v,v)

= [lull® + [lv]*.

O

For given two vector, we can always express one vector in the linear combination of the
parallel vector and the orthogonal vector to the other vector.

Theorem 2.4 (Orthogonal Decomposition). Let u,v € V and v # 0. Then we can write
(u,0)

U= Rv + w where

wi=u— (2.3)
o]l
which is orthogonal to v, i.e., (w,v) =0
Lemma 2.5 (Cauchy-Schwarz Inequality).
Vu,vo € Vi [(u,v)| < ull||v]]. (2.4)

The equality holds if dc € K : u = cv.

3Tt is the most convenient and popular choice, but it is not necessary. One can define other norm also.
In fact, inner product space is one of the special case of normed vector space.



Proof. We use the orthogonal decomposition of v with v.

2
2 _ (u,v)
||UH - ||’L)H2U+w
2

<U,’U> 2

= WU + [w]]
(u,v)

= ||’U7H2 [0 + [|wl]|?
[(u, v)

= e T

In the second line, we use the Pythagorean theorem since, they are orthogonal. Multiplying

|lv]|? on both sides gives

[l l[oll* = [{u, v) * + ([0l |w]* > [{u, v)]? (2.5)
Equality holds when w = 0. O
Proof. Finally, we can now prove that the induced norm defined above, i.e., ||v|| ==/ (v, v)

is really a norm. It is enough to check that this definition satisfies the triangle inequality
holds.

v+ w|?* = (v+w,v+w)
= (v,v) + (v,w) + (w,v) + (w, w)
= [[oll* + 2R[{v, w)] + [|w]®
< JJolf? + [lwl® + 2/ (v, w)]
< JJol* + [lw]® + 2[|v] flw]
= ([[oll + [w]])?

In the fifth line, the Cauchy-Schwarz inequality is used. O

We have two different but seems related spaces, inner product spaces and normed
spaces. In fact, inner product space is one of the special case of normed vector space. So
in the logical flow of our lecture, general to more specific concept, we might want to define
inner product with norm.

Remark. In fact, one sometimes define inner products with norm. It is polarisation identity.
In real vector space,

(u,0) = 3 (lu+ vl — lju = o). (2.6)

In complex vector space, we can do the same but we need to see real and imaginary part
separately:

[(Hu—i—vHQ — JJu — UHQ) + i(Jlu — iv||? — Hu—l—w”2)] (2.7)

=

1
(u,v) = ¥ llu+ i Fo]? =



If we accept the definition of induced norm ||v|| = /(v,v), one can show that the
polarisation identity holds. But, we want to show really it can be used for the definition
of inner product. Therefore, we need to show it is true without the definition of induced
norm. In fact, there is a theorem for it.

Theorem 2.6 (Jordan-von Neumann theorem [7]). Let (V,||-||) be a complex normed
vector space. Then there is a unique inner product ||v| = /(v,v) on V iff it satisfies the
parallelogram identity:
Vu,o €V flu+o|® + [lu—vl* =2(||ul® + [|v]?). (2.8)
Proof. (=)
w4 v|? + Ju—v||? = (u+v,u+v)

(
= (u,u) + (u,v)
= 2(u,u) + 2(v,v)
= 2(Jlull + [v]?).

( <) For the proof, we will use the polarisation identity. That is we will define the inner

(u—v,u—v)

+
+ (v, u) + (v, v) + ((u,u) — (u,v) — (v,u) + (v,v))

product as
1 1
(u,v) = zikllu +ith||? = 2 LA+ ol = flu = olf*) +i(flu = )] = llu+wl|?). (2.9)

Now we need to show that it is really an inner product. Recall that inner product is positive
definite Hermitian (symmetric sesquilinear) form. Let us show each one separately.

e positive definite:

(,v) == [(Ilv+vl* = llv = vl*) + (o = wl* — [Jo +iv]|?)]

:
imeZ 101) +i(llv = iv[]* = v + iv][*)]
740001 = 101) + i (2ol — 2]o]?)]

where in the third line, we used the absolute homogeneity. Since the norm is positive

definite, inner product is also positive definite.

o symmetric: We can show by direct calculation.

fare] =g (ol =l = vl?) = i(lu = vl ~ flu + i0]?)]
=2 [(llo+ ull ~ =0~ l?) = (=0 + i)l ~ o — i) )]
=7 (o + > = o = ) = i+ il = oo = u]?)]
=+ wl? = o = ) + (e ull ~ o+ u]”)]
~ (o)

where absolute homogeniety used in the third line.



e sesquilinear: This is little bit complicated. Since we show it is symmetric, we only
need to show the linearity in the right slot.

— additivity: The paralleogram identity is used here (third and fifth identity in the
following).

(u,v+w) =~ [(Jlu+v+w|®—[lu—(v+w)|?*) +i(Ju—ilv+w)®—|u+ilv+w)]?)]

[(Jlu+wv +wl|?+ lut+v—w|?=|lutv—w|?—||u—v-— sz)

i(Jlu —iv —dw|)® + lu — iv +iw||* — Ju — iv +iw||* — ||u+ v + qw|?)

[l + ol + flwl® = flu = w]]* = [Jv]*)

+ o=+ o=t o=t R R

4

[

1

lu+ ol + lull® + [lwll* = flu = wl* = Jul® = [|v]*)

(
(
(e = v ]| + llw]| = [Ju + iw]® — [|iv]?)
(
(
(

lu = vl + [full* + llw ] = lu + dwl® = [lu]l* - [liv]*)

[l + ol + flu = v + [l + w]|* = [lu — w]|?)
i(llw = wl* + flu+ il* + u — dwl|* — [Ju+ iw]?)

u,v) + (u, w).

—~

— homogeneity: Showing homogeneity is much more subtle than additivity. We
can start with additivity and extending the domain of scalar. Let us start with
simplest case, the following can be obtained by direct calculation:

Vze{0,1}: (u, zv) = z{u,v). (2.10)

Then, using the additivity iteratively, we can extend the domain of scalar to real

numbers.
VzeZ: (u,zv)y = z{u,v). (2.11)
Moreover, since the s-multiplication is closed, if v € V. = z7'v € V. There-

fore, we can rewrite the same equation in the case of z~1v

VzeZ: z(u, g) = (u,z%) = (u,v). (2.12)

Dividing both side with z gives

Vzel: (u,%)zé(u,v). (2.13)

Using addtivity again we can extend to the scalars which are homogeneous to

whole rational numbers:

VzeQ: (u,zv) = z(u,v). (2.14)



For the rigorous proof to go to the real numbers, we need the knowledge of
analysis. I will just comment here that for any real number, you can find enough
close rational number to it*. So, homogeneity holds in real numbers. Finally,

. 1 . . .
(usiv) = 2 [([lu+v]* = flu—awl*) +i([lu+v]* = [lu = v]*)]
1. . . .
= Jil=illu+all* = u—ivl?) + (llu+vf* = lu - v]*)]
= i{u,v).
Since
VzeC:3a,beR: z=a+1b, (2.15)

we finally conclude that

VzeQ: (u,zv) = z(u,v). (2.16)

3 Orthonormal Basis

We are now ready to define the orthonormality.

Box 3.1: Orhonormal basis

Let (V, (, )) be an inner product space. Then the set of vectors B = {e1,...,e,} CV
is called orthonormal if it is

The two conditions can be written in a simple form using the kronecker delta symbol:
Vei,ej € B: <6i,€j> = 51] (3.1)

If B is a basis for V', B is called an orthonormal basis.

.

Theorem 3.1 (Bessel’s inequality). If the set B = {ey,...,e,} is an orthonormal set in V/,
(v en)? + .+ (v, en)|* < o], (3.2)
The equality holds when B is a basis of V.

Recall that the basis can be expressed in the linear combination of basis vectors. Using
the inner product, for the n-dimensional vector space V/,

n

YVoeV:iv= Z<€i7v>€i- (3.3)

=1

4This property is called that “rational numbers form a dense subset of real numbers.’

~10 -



Recall that the components of vectors are obtained by applying dual basis to the vector.

Box 3.2: Component

Let (V, (, )) be an inner product space. Then the set of vectors B = {e1,...,en} CV
be an orthonormal basis. And let {a!,...,a"} be the dual basis of B. Then,

YoeV: vt = ol (v) = (e, ). (3.4)

The number v’ € K is called the components of v. In other words, using slot notation,
we can identify inner product with dual basis:

(e;,-) & o (3.5)

We already know how convenient the component is. Note that the components depend
on the basis. When the basis is known, then one can obtain the components.
The Gram-Schmidt procedure is the way to obtain the orthonormal vectors from the

given linearly independent vectors.

Box 3.3: Gram-Schmidt Procedure

The Gram-Schmidt procedure is the way of finding the orthonormal vectors from
given linearly independent vectors. Let the vectors vy,..., v, € V be linearly inde-
pendent. Then we do the following procedure:

1. Choose one vector. For example, let us assume that we choose v1.
2. Define new vector by normalising it:

e1 = ——1; (3.6)

o]l
3. Choose another vector. For example, vy, and make orthogonal decomposition
with e;: Vg = <61, 212>€1 + Ué. (37)

4. Define new vector by normalising v):
L,

eg = mv2 (3.8)
5. Do the similar procedure iteratively:
vg = {e1,v3)er + (e2,vs)es + v, (3.9)
= @vg (3.10)
(3.11)
As a result, we have set of orthonormal vectors {eq, ..., e,}.

Remark. Now, we can use the usual expression, such as column matrix for the vector, and
matrix for the operator and so on.

— 11 —



4 Matrices

Now let us review the idea of using set of numbers to express vector. Please keep in
mind that this is representation. We can talk more on linear algebra without saying this
expressions. But, I think it is good time to review here to grasp the familiarity of our
younger time linear algebra and to relate a concrete calculation. But I also hope you feel
uncomfortable in this expressions.

In this section, we will assume V, W is K-vector space whose dimension is n, m each.
We will assume we have chosen the basis {ey,...,e,} as a basis of V and {f1,..., fm} for
the basis of W.

4.1 Basic Expression

Recall that using the basis, we can express a given vector with unique linear combination

n
VUGVZE”UI,...,UnGK:U:ZUiei (4.1)
i=1

Definition 4.1 (Column vector). The vector v = vle; +...v", € V is expressed

The expression is called column vector.

Remark. Note that the all the information of vectors are in each numbers (components).
The shape of the number is not important. You can use any form of expression. The only
importance is you need express ordered pair of numbers. Just n-tuple of numbers is enough
to express the vectors. The column vector is just one traditional expression of vectors.

One can do the similar expression to the vector space W. Now let us express the linear
map A € Hom(V,W). Recall that the set of linear maps also form a vector space and
dim (Hom(V,W)) = m x n. Therefore one can use the column matrix expression

A2
A= |. (4.3)
e

It is, however, not that satisfactory expression, because it hides the role of map (relating
unique vector to the given vector in domain). The linear map acts

w = iwjfj =Av = A(Zviei) = Zvi(Aei). (4.4)
j=1 i i

- 12 —



In the last equality, we used the linearity of linear map. Note that even though it uses the
same notation, the addition is defined in the different vector space:

Z vie; = vlep 4y ...y ve, — Z vi(Ae;) = vl (Aer) fw ... Fw v (Aey).  (4.5)

i i
Recall that all the information of w is in m-numbers w’ and all the information in v is
in the n-numbers v*. The role of A is relating w/ to v’. Therefore, it is good to have m

contribution and n contribution separately. Let us choose v/ = (527 for some i € {1,...,m}
and the resulting vector A;. Then we can rewrite above equation by”

A=Y Al f; = Ae; (4.6)
J

Note the different role of i and j. With this, we can rewrite the action of A on general
vector v:

Av = A(Zviei> = Zvi(Aei) = Zvi<ZAjifj> = Z <ZAjivi)fj. (4.7)

i i i j

In other words, if we identify w = Awv, the components have the relation

w = Ajivj. (4.8)
Based on this, we define the matrix representation of the linear map.
Definition 4.2 (Matrix expression of linear map). Let A € Hom (V, W). We express

Al AL, A
A21 A22 ... A2

n

n

A = (4.9)
A A, AT

This is called matriz representation of A.

The matrix is good representation of linear map. We will define the operations (alge-
bras) of it to be consistent with the action of the linear map.

Definition 4.3 (Matrix multiplication on column matrix). Let A € Hom (V, W). All the
information of the equation w = Av are in the components.

wl = Al (4.10)

The matrix multiplication on column vector is defined to satisfy it:

AL AL L AL vl S ALt
A% A%, L A% v? A%

av— | A (4.11)
Ay A™y LA™ )\ S AT

5Be careful on the notation. A is a linear map, A; is a vector and Aji is just a number (component of

Ay).

~ 13 -



Remark. The matrix multiplication is defined to express an composition (iterative action)
of linear maps. For example, Let there is also a K-vector space U and B € Hom(U, V), A €
Hom(V, W). Then, we can define the composition of the map

(AoB): U —-W by u+— (Ao B)u = A(Bu). (4.12)

One can check easily that the information of w = (A o B)u is in components equation
w =3 (ZAiijk>u’f (4.13)
k J

Definition 4.4 (Multiplication between matrices). The matrix multiplication is defined to
express an composition (iterative action) of linear maps. For example, Let there is also
a K-vector space U and B € Hom(U,V), A € Hom(V,W). The matrix multiplication is

defined to satisfy
w =3 (ZAiijk)uk. (4.14)
k J

That is:
Al1 A12 o AL
A21 AQ2 ... A2

1 1 1
B BY ... BY, .
2 2 2
B% B% ... B%_,

n

n

AB = (4.15)

Aml Am2 DY Am Bnl Bm2 DY BndimU-

n

Remark. You might heard that the matrix multiplication is defined only when the size of
matrix is equal. The size matters because composition is defined only when the domain
and target are equal.

Definition 4.5 (addition and s-multiplication). Recall that Hom(V, W) is also a vector
space, that is, the addition and s-multiplication is important. They are represented as
addition and s-multiplication in the matrix: For A, B € Hom(V, W),

AL +BY AL+ BY ... Al +BY,
A2+ A% A%, + B ... A%, +B?,

Athomwvy)V —A+B= , (4.16)
A™ +B™ A" +B™, ... A", +B™,
and for c € K
cAl, cAl, ... cAl,
cA% cA?, ... cA?,
C@Hom(v,W)A — cA = . . . (4.17)

m m m
cA™ cA™, ... cA™,

One-form is the special case of linear map whose target space is the scalar. Since
dimK = 1, the one-form in V'V should be represented with 1 x m matrix:

A= (al 4l A1n>. (4.18)

— 14 —



Let us specify the basis of K as fi:
Alv) = (ZAlivi) f1. (4.19)

Remark. The basis fi can be chosen any nonzero number. Note that

A=1 A@w)=>_ A" (4.20)

For convenience, everyone choose fi = 1 even without conscience. On the other hand,
we also know that the dual space is also a vector space. Since dimV = dim V"% we also
need n numbers to express it. We lazily call it also vector.

Definition 4.6 (row vector). Let {a!,...,a"} be the dual basis one-form for {eq,...,e,}.
The one-form w = wial + ... +wpa™ € VV is expressed

w= <w1 wy ... wn) . (4.21)
It is called row wvector. Moreover, the matrix multiplication now expresses f; = 1 case.

Proof. Let us express it in the linear combination

wv) = Zwiai(Zvjej)
( J
= Zwivjai(ej)
1,J
= Zwivjéé

/L'7j

= g w;ivt.

%

where in the second line, linearity is used. O

Box 4.1: Notations for one-form acting on vector

For v € V, w € V'V, we have following equivalent expressions for w(v) € K:

vl

wl) = (wl wa ... wn> UQ = wa" (4.22)

Un

The first is notation we have used, the second is Dirac notation and the third is

matrix notation.

Remark. Note that is not the inner product. In fact, we do not introduce the inner product
yet. Again, we cannot say anything about the angle between two vectors.

SWe only consider finite dimensional case, when I do not specify dimensions.
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4.2 Expression in the Inner Product Space

From now, we assume V, W are inner product K-vector space. Now I introduce the most
famous notation in quantum mechanics, the Dirac notation. It is useful notation in the
inner product space 7. Dirac notation uses ket notation:

vy =veV (4.23)

It is called ket vector. For linear map, we skip the bracket () when they act. That is for
A € Hom(V, W):
|Av) == A(v) e W (4.24)

The usefulness appears when we write dual basis. Let o’ be the dual basis for the orthonor-
mal basis e;. Recall that the slot notation,

(es,-) & ol (4.25)

We do not need to introduce new alphabet if we have expression that make us distinguish
one-form and vector. That is,

(ei] = (ei,-) e VY (4.26)

we call this notation bra. Also, the slot notation allows us to introduce dual vector corre-
sponding to v

(v] & (v,-). (4.27)

It is called bra vector. For v,w € V, the inner product is denoted:
(v|w) & (v,w). (4.28)
It is combination of bar and cat called bracket.

4.2.1 Real Vector Space

For the real space, inner product is symmetric bilinear map. Therefore,

v; = <’U|€j> = <Zvi6i €j> = Z’Uj<€i|€j> = Z(;ijvj (429)

i ,]

where linearity in the first slot and orthonormality is used. Therefore, we identify one form

in matrix form

(0] = <v1 v v") . (4.30)

Note that it is not only just a map, it is isomorphism.

"More precisely, this is useful when there is an bijection between vector and one-form (# and b operator).
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Box 4.2: Transpose of a vector

In real vector space, the map from vector to ‘corresponding’ one-form in real vector
space is called the transpose:

T:V—=VY by|v)— |[v)T = (v| (4.31)

Recall that VVV = .. V. Therefore, we can use the transpose also for map from V'V
to V.
T: VY=V by @~ @ =v). (4.32)

The transpose map is an isomorphism whose inverse is itself.

Remark. In matrix notation, we just change column vector to row vector and vice versa:

1\ T 1

2 . 02
= (1)1 v v"), (1)1 v v") =1 . (4.33)

" "

Remark. Let us recall that the inner product is symmetric. The inner product is
(v|w) = (wlv) (4.34)

On the other hand, the r.h.s. can also be the inner product of |w)T and (v|T.

Now let us generalise this to the linear map.

Box 4.3: Transpose of Linear Map

Let A € Hom(V,W). We define the transpose map T : Hom(V, W) — Hom(W", V")
such that
Vivy e ViV w) € W: (ATw|v) = (w|Av). (4.35)

Since the inner product is symmetric, this implies
Viv) e V:Vw) e W: (v|ATw) = (Aw|v). (4.36)

That is T : Hom(W", V") — Hom(V, W) also defined automatically. Again, trans-
pose is isomorphism whose inverse is itself.

Remark. In the matrix notation, we just change the row and column:

Al AL oA\ Al A2 AM
A% A% .. A2 Al A2, ... A™

AT = :1 :2-. :n - :2 :2-. :2 ) (4'37)
A Am, AT Al A2 Am
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4.2.2 Complex Vector Space

For the complex vector space, inner product is symmetric sesquilinear map. Therefore,

v = (vlej) = <Zvi€i €j> = ZE@i\eg‘) = Zdijw (4.38)
i 2 2%

where linearity in the first slot and orthonormality is used. Therefore, we identify one form
in matrix form

(v] = (F?? ?n) (4.39)

Note that it is not only just a map, it is isomorphism.

Box 4.4: Hermitian Adjoint of a vector

In complex vector space, the map from vector to ‘corresponding’ one-form in real
vector space is called the Hermitian adjoint or just Hermitian of vector:

1.V =VY by vy o) = (v (4.40)

Recall that VVV = .. V. Therefore, we can use the Hermitian conjugate also for
map from V'V to V.
t:VV SV by (v~ @] = o). (4.41)

The Hermitian adjoint map is an isomorphism whose inverse is itself.

\.

Remark. In matrix notation, we just change column vector to row vector and do the complex
conjugate to each element, and vice versa:

v oL
v? . 1 V2
|l = (vl v ... v”) , (vl v v”) =1 . 1. (4.42)
v" "

In matrix we usually say Hermitian conjugate instead of Hermitian adjoint.

Remark. Let us recall that the inner product is symmetric. The inner product is
(vjw) = (wlv) (4.43)

On the other hand, the r.h.s. can also be the inner product of |w)! and (v| .

Now let us generalise this to the linear map.
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Box 4.5: Hermitian Adjoint of Linear Map

Let A € Hom(V,W). We define the Hermitian Adjoint map T : Hom(V, W) —
Hom(WV,VV) such that

Vv) eV :V|w) € W: (Alw|v) = (w|Av). (4.44)
Since the inner product is symmetric, this implies
Vv) eV :V|w) e W: (v|ATw) = (Aw|v). (4.45)

That is T : Hom(W", V") — Hom(V, W) also defined automatically. Again, Hermi-
tian adjoint is isomorphism whose inverse is itself.

Remark. In the matrix notation, we just change the row and column and take complex
conjugate for each elements:

AL oAy, oAl \T (a2 AT
A2 A%, A2, AL, A2, . A7

U o B (4.46)
Am Amy AT AT AT .. A

Remark. We have learnt that Hermitian conjugate is transpose and complex conjugate:
AT =AT (4.47)

Remark. One bad thing of the matrix representation is that it can make misconception
that the relation between Hermitian conjugate and transpose. You must keep in mind that
Hermitian conjugate and transpose are conceptually the same operation acting on vector
spaces with different scalars (complex and real).

Remark. More problem is that in the matrix representation, it is not possible to distiguish
the linear map if the dimension of the target space is the same. Particularly, in physics,
Hom(V, V") and End(V') appears a lot. If you use only the matrix representation, there is
no way to distinguish them.

4.3 Abstract Index Notation

In general relativity, we are interested in the geometric quantities. The geometric quantities
are vectors (including the (multi-)linear maps) of one type of vector space. Therefore, one
needs the easy notation which distinguish the vector and one-form and linear maps without
ambiguity. The famous notation is the abstract index notation. We write vector with one
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upper index, one-form with lower index and multilinear maps with multiple indices:

v®  means vector v;

w, means one-form w;

Jgay means bilinear form g;

One can also write the image of linear map by using the same indices. For example,

a

wav? e wv) eK
a0 & g(v,-) e VY

b

v w’ & g(v,w) € K

And this leads to the Einstein summation convention

Box 4.6: Einstein Summation Convention

If you see one upper one lower indices with same alphabet in the components,
summation is abbreviated. For example, let w, = wia! + ... + w,a™ € VV and
v® = vle; + ... +v"e,. Then,

wiv' & wai =wvl + ...+ wyo” (4.48)

7

where each w; € K and v* € K are components.

Box 4.7: Musical Map

There is a map called the musical map or musical isomorphism which relates vector

to one-form.
B:VV 5V by we Wl = 0w (4.49)

b:V—=VY by v? e (v = v, (4.50)

The meaning is clear in the abstract index notation because each raise/lower the
indices.

8Not to confuse with the components. Components are just scalars.
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