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We will learn specific example of spectral decomposition. In fact, spectral decomposi-
tion is easier in the complex vector space.

1 Spectral Decomposition of Complex Vector Space

We will see some example of diagonalisation here. Not all operators are diagonalisable.
Therefore, we will first tell about the operator satisfying special property, which will be
shown diagonalisable later.

Box 1.1: Normal Operator

A ∈ End(V ) is called normal when it commutes with its adjoint. That is, if it
satisfies

0 = [A,A†] := AA† −A†A. (1.1)

Theorem 1.1. Let A ∈ End(V ). Then,(
∀v ∈ V : ∥Av∥ = ∥A†v∥

)
⇐⇒ A is normal. (1.2)

Proof.

∥Av∥2 = ⟨Av|Av⟩ = ⟨v|A†Av⟩ (1.3)

∥A†v∥2 = ⟨A†v|A†v⟩ = ⟨v|AA†v⟩ (1.4)

( =⇒ ) is assume l.h.s. of above equation is the same and show r.h.s is the same. ( ⇐= ) is
just opposite direction.

Theorem 1.2. Let A ∈ End(V ) be a normal operator and let U ⊆ V be an invariant
subspace of A. Then U reduces A.

Proof. This can be proved more easily by using matrix representation. Since U is an
invaraiant subspace of A, we have a basis such that

∀|u⟩ ∈ U : |u⟩ =

(
u

0

)
which yields A = A =

(
A11 A12

0 A22

)
. (1.5)

Then

|Au⟩ =

(
A11u

0

)
. (1.6)

On the other hand, by using the matrix representation of adjoint, we can also show that

|A†u⟩ =

(
A†

11u

A†
12u

)
. (1.7)

Since A is normal, ∥Av∥ = ∥A†v∥. Using inner product in the matrix representation,
(matrix multiplication with complex conjugate transpose)

∥Av∥2 = ∥A11u∥2mat (1.8)

= ∥A†v∥2 = ∥A†
11u∥

2
mat + ∥A†

12u∥
2
mat (1.9)
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On the other hand,
∥A11u∥2mat = ∥A†

11u∥
2
mat (1.10)

Therefore,
∀|u⟩ ∈ U : ∥A†

12u∥
2
mat = 0 =⇒ A12 = 0. (1.11)

Then, A = A11⊕A22 is block diagonal form. Therefore we conclude that U reduces A.

Theorem 1.3. Let A ∈ End(V ) be normal. Then,

A|v⟩ = λ|v⟩ ⇐⇒ A†|v⟩ = λ|v⟩ (1.12)

Proof. If A is normal, A− λ1 is also normal since

(A− λ1)(A− λ1)† = (A− λ1)(A† − λ1)

= AA† − λA† − λA+ |λ|2

= A†A− λA− λA† + |λ|2

= (A† − λ1)(A− λ1)

= (A− λ1)†(A− λ1)

Then we have

∀v ∈ V : ∥(A− λ1)v∥ = ∥(A− λ1)†v∥ = ∥(A† − λ1)v∥ (1.13)

If |v⟩ is an eigenvector of A corresponding to the eigenvalue λ,

0 = ∥(A− λ1)v∥ = ∥(A† − λ1)v∥ (1.14)

Therefore, λ is an eigenvalue of A†.

Theorem 1.4. An eigenspace of normal operators reduces that operator. Moreover, they
are mutually orthogonal.

Proof. First, let us see eigenspace reduces that operator. Let A ∈ End(V ) be that normal
operator and Ea be the eigenspace corresponding to eigenvalue a. Since s-multiplication is
closed operation,

∀|v⟩ ∈ Ea : |Av⟩ = a|v⟩ ∈ Ea. (1.15)

We have shown that the invariant subspace of normal operator reduces that operator.Since
eigenspace is invariant subspace, for normal operator, it reduces A.
Next, we want to check if it is mutually orthogonal. Let a ̸= b.

∀ va ∈ Ea : ∀ vb ∈ Eb : ⟨va|Avb⟩ = ⟨va|bvb⟩ = b⟨va|vb⟩
= ⟨A†va|vb⟩ = ⟨ava|vb⟩ = a⟨va|vb⟩

Therefore, using a ̸= b,
∀ va ∈ Ea : ∀ vb ∈ Eb : ⟨va|vb⟩ = 0 (1.16)

We conclude that Ea⊥Eb.
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Box 1.2: Complex Spectral Decomposition

Let A ∈ End(V ) be a normal operator. And let λ1, . . . , λr are the distinct eigenvalues,
and E1 . . . , Er be the corresponding eigenspaces. Then,

V =
r⊕

i=1

Ei (1.17)

Moreover, if Pj is the projection operator on V onto Ej , {Pi}ri=1 is a complete set of
orthogonal projection operators. Particularly, we have

A =
r∑

j=1

λjPj (1.18)

Proof. Others are already shown in previous theorems. The only thing we need to check is
the completeness. Let E = E1 ⊕ . . . ⊕ Er. Then, M reduces A. Since M is normal, M⊥

also reduces A. If M⊥ is not trivial, (not zero dimension), one can write the characteristic
equation for operator A acting on the M⊥ (restriction of A). If it is not trivial vector space,
it must have at least one eigenvalue and eigenvector. But, M⊥ is defined as a space which
is orthogonal to all eigevectors. Therefore, M⊥ is trivial (M⊥ = {|0⟩}.

Theorem 1.5. Let (V, ⟨ , ⟩) be an inner product space and A ∈ End(V ). Then,

A is diagonalisable. ⇐⇒ A is normal. (1.19)

Proof. For each subspace Ej , take orthonormal basis {|esj⟩}. Then,

⟨ejs|Aes
′
j′⟩ = ⟨ejs|

∑
k

λkPke
s′
j′⟩

=
∑
k

λk⟨ejs|Pke
s′
j′⟩

=
∑
k

λkδj′,k⟨ejs|es
′
j′⟩ (1.20)

= λk⟨ejs|es
′
j′⟩ (1.21)

= λkδ
j
j′δ

s
s′ . (1.22)

Therefore, A is diagonal in the orthonormal basis of each eigenspace.
Conversely, if A is diagonalisable, there is a basis which makes the matrix representation

A diagonal. In that basis A† is also diagonal matrix, and therefore, the matrix multiplication
commutes.

Theorem 1.6. There are two important cases of normal operators in the complex inner
product space.

• Hermitian operators (H† = H) have real eigenvalues (λ ∈ R);
• Unitary operators (U †U = 1) have eigenvalues whose magnitude is equal to 1. (|λ|2 =
1)
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Proof. Let H ∈ End(V ) be an Hermitian operator. Let |v⟩ ∈ V be a eigenvector corre-
sponding to the eigenvalue λ. Then,

λ⟨v|v⟩ = ⟨v|λv⟩ = ⟨v|Hv⟩ = ⟨H†v|v⟩ = ⟨Hv|v⟩ = ⟨λv|v⟩ = λ⟨v|v⟩. (1.23)

Since eigenvector |v⟩ is nonzero, λ− λ = 0 which means λ ∈ R.
Let U be a unitary operator. Let |v⟩ ∈ V be a eigenvector corresponding to the

eigenvalue λ. Then,

∥Uv∥2 = ⟨Uv|Uv⟩ = ⟨λv|λv⟩ = |λ|2⟨v|v⟩
= ⟨v|U †Uv⟩ = ⟨v|1v⟩ = ⟨v|v⟩.

Again, |v⟩ is nonzero. Therefore, |λ|2 = 1.

Lemma 1.7. An Hermitian operator is positive iff all its eigenvalues are positive.

Lemma 1.8. An Hermitian matrix can be brought to diagonal form by means of a unitary
transform.

Example 1.8.1 (Charged Particle in a Magnetic Field). When we were freshman, we have
learnt that the Lorentz force on a charged particle with charge q by magnetic field B is
F = qv×B. For simplicity, we assume charged particle moves in xy-plane, and the magnetic
field is directing z direction, i.e., B = Bẑ. In the ‘usual’ basis, that is the basis vectors
align with each axis, we have

d

dt

(
vx
vy

)
=

qB

m

(
0 1

−1 0

)(
vx
vy

)
= −iω

(
0 i

−i 0

)(
vx
vy

)
(1.24)

where ω = qB/m and m is the mass of the particle. Note that this is classical mechanics
problem, but we have an Hermitian matrix. Let us multiply i on both side. Then, we get

i
d

dt

(
vx
vy

)
=

(
0 iω

−iω 0

)(
vx
vy

)
:= H

(
vx
vy

)
. (1.25)

Now, let us diagonalise H. First, we solve characteristic equation det(H−λ1) = 0 to obtain
eigenvalues. For λ = ω we solve

0 = H − λ1

(
a

b

)
=

(
−ω iω

−iω ω

)(
a

b

)
=⇒ −a+ ib = 0. (1.26)

Therefore, we have eigenvector |e1⟩ = 1√
2
(1,−i)⊺. Similarly, we get |e2⟩ = 1√

2
(1, i)⊺. The

time evolution of each components are given,

v1(t)|e1⟩ = v1,0e
−iωt|e1⟩, v2(t)|e2⟩ = v2,0e

iωt|e2⟩. (1.27)

where |v⟩ = v1|e1⟩+v2|e2⟩ and v1,0 = v1(t = 0), v2,0 = v2(t = 0). In fact, the diagonalisation
procedure is just representing this by using basis change. We want to work in the new
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basis whose basis is these eigenvectors. Therefore, we use the transformation law for the
components. The transformation matrix is

U =

(
⟨e1|ex⟩ ⟨e1|ey⟩
⟨e2|ex⟩ ⟨e2|ey⟩

)
=

1√
2

(
1 i

1 −i

)
. (1.28)

Recall that U−1 = U †. The equation of motion (1.25) can be written as

U †i
d

dt
U

(
vx
vy

)
= U †UHU †U

(
vx
vy

)
= U †

(
ω 0

0 −ω

)(
v1
v2

)
. (1.29)

where we used the fact that U is independent of t. The solution of this equation can easily
obtained (

vx
vy

)
= U †

(
v1
v2

)
= U †

(
v1,0e

−iωt

v2,0e
iωt

)
(1.30)

In general, we usually meet several operators, not just one. If there is a basis making
operators we are interested in the diagonal form, life would be easy.

Definition 1.1 (simultaneouslu diagonalisable). If two operators A,B ∈ End(V ) can be
written in terms of the same set of projection operators,

A =

n∑
i=1

AiPi, B =

n∑
i=1

BiPi (1.31)

where {Pi}ni=1 is the complete orthonormal set of projection operators. Then we say A and
B are simultaneously diagonalisable.

Box 1.3: Simultaneously Diagonalisable

Let both A,B ∈ End(V ) are normal operators. Then they are simultaneously diag-
onalisable iff they are commute, i.e., [A,B] = 0.

Proof. ( =⇒ ) We then have special basis (set of orthonormal bases in each eigenspace)
which makes both A,B diagonal. The diagonal matrix commutes.
( ⇐= ) Since every normal operators in complex inner product vector space is diagonalisable,
we can write

A =

r∑
j=1

αjPj , B =

s∑
i=1

βiQi (1.32)

where αj , βi are eigenvalues, and {Pi}ri=1 and {Qi}si=1 are the complete set of projection
operators on V to each corresponding eigenspace. We define operator Rji = PjQi which
sends a vector in eigenspace of B corresponding to βi to vector in eigenspace of A corre-
sponding to αi. We want to show that this is projection operator to the common eigenspace
Eαj ∩ Eβi

using the condition. From the condition,

∀i ∈ {1, . . . , s} : ∀ |u⟩ ∈ Eβi
: |BAu⟩ = |ABu⟩ = |Aβju⟩ = βj |Au⟩. (1.33)
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Therefore, Eβj
is also an invariant subspace of A. In fact, it reduces A and

∀i ∈ {1, . . . , s} : ∀ |v⟩ ∈ V : |AQiu⟩ = |QiAu⟩. (1.34)

Therefore, we get [A,Qi] = 0. Similarly, we can also obtain [Pj , Qi] = 0. Using this, we
can show that Rji is a projection operator (Hermitian idempotent)

R†
ji = Q†

iP
†
j = QiPj = PjQi = Rji (1.35)

(Rji)
2 = PjQiPjQi = (Pj)

2(Qi)
2 = PjQi = Rji. (1.36)

It is easy to show that
r∑

j=1

Rji = Qi,

s∑
i=1

Rji = Pj ,
∑
j,i

Rji = 1. (1.37)

Therefore, we have
V =

⊕
j,i

Eαj ∩ Eβi
, (1.38)

and
A =

∑
j

αjPj =
∑
j,i

αjRji, B =
∑
i

βiQi =
∑
j,i

βiRji. (1.39)

2 Linear Operator in Complex Vector Space

Normal operators are quite special. We sometimes meet operators which are not normal.
For example, the creation/annihilation operator in quantum mechanics is not normal. In
this section, let us see what we can tell about more general case.

2.1 Minimal Polynomial

Before telling about the complex vector space, let us see some general arguments. Recall
that we represent the composition of map as a matrix multiplication. Let A ∈ End(V ).
Then we write

An :⇔ A ◦ . . . ◦A︸ ︷︷ ︸
n times

, A0 = 1 (2.1)

Definition 2.1 (polynomial of an operator). The polynomial p(A) of an operator A is

p(A) = amAm + am−1A
m−1 + . . .+ a01, (2.2)

where am ̸= 0. The maximum nonzero power of A, m is called a degree of p(A) and write
deg p.

Let dimV = n < ∞. Recall that dimEnd(V ) = n2. Therefore, we can have maximally
n2 independent vectors1. Then {A0 = 1, A1, . . . , An2} is the set of linearly dependent
vectors. In other words,

∃a0, . . . , an−1 : A
n2

=
∞∑
j=0

bjA
j (2.3)

1Recall that linear maps also form a vector space. To emphasise it, I write vector instead of linear map.
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Definition 2.2 (annihilating polynomial). The annihilating polynomial is a polynomial of
the operators whose value is zero.

We always have the annihilating polynomial

p(A) =
n2∑
i=0

aiA
i = 0. (2.4)

But n2 looks quite big. There can be a smaller degree of annihilating polynomial.

Box 2.1: Cayley-Hamilton Theorem

Let A ∈ End(V ) and dimV = n. Let us write characteristic polynomial

χA(λ) := det(λ1−A) = λn + cn−1λ
n−1 + . . .+ c0/ (2.5)

Then
χA(A) = An + cn−1A

n−1 + . . .+ c01 = 0. (2.6)

In other words, characteristic polynomial is the annihilating polynomial.

Proof. Since we characteristc polynomial is defined with determinant, we will work with
the matrix representation. If A is diagonalisable, we can simply diagonalise it using unitary
transformation. Let A = UAU † with D = diag[λ1, . . . λr]. Then An = UDnU †

χA(A) = U(Dn + cn−1D
n−1 + . . .+ c01)U

†

Udiag[χA(λ1), . . . , χA(λr)]U
†

= 0.

If it is nondiagonalisable, it is more complicate. Recall that the inverse matrix can be
expressed with adjugate matrix

(λ1−A)−1 =
1

χA(A)
B :=

1

det(λ1−A)
adj(λ1−A). (2.7)

Since adjugate matrix is the transpose of the cofactor matrix. Then, we can expand it with
order of λ:

B =

n−1∑
i=0

λiBi, where Bi ∈ Matn−1(C). (2.8)

Then, we have

χA(λ)1 = (λ1−A)B = (λ1−A)
n−1∑
i=0

λiBi = λnBn−1 +
n−1∑
n=1

λi(Bi−1 −ABi)−AB0. (2.9)

Comparing coefficients of λ gives

1 = Bn−1, for i ∈ {1, . . . , n− 1}: ci1 = Bi−1 −ABi, c01 = −AB0 (2.10)
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Therefore

χA(A) = An + cn−1A
n−1 + . . .+ c01

= AnBn−1 +

n−1∑
i=1

(Bi−1 −ABi)A
i −AB0

= 0.

Sincs n2 is finite, there is a minimum degree annihilating polynomial

p(A) =
m∑
i=0

aiA
i = 0, m ≤ 0. (2.11)

Note that it is unique up to multiplication of constants.

Box 2.2: Minimal Polynomial

Let A ∈ End(V ). The minimal polynomial of A is a minimal degree, monic (coeffi-
cient of highest power is 1), annihilating polynomial. That is,

p(A) = Am + am−1A
m−1 + . . .+ a0 = 0. (2.12)

Theorem 2.1 (Factoring Annihilating Polynomial). We can factor annihilaing polynomial
with minimal polynomial.

Proof. Let s(A) be an annihilating polynomial of A ∈ End(V ) and p(A) be a minimal
polynomial. Since deg p ≤ deg s, we can write it as

s = pq + r. (2.13)

where the deg r < deg p.

0 = s(A) = 0q(A) + r(A) = r(A). (2.14)

Therefore, we can conclude s(A) = p(A)q(A).

Lemma 2.2. A minimal polynomial is unique.

Proof. Let p1(A) and p2(A) be two distinct minimal polynomial. Then p1 factors p2. But
they have the same degree so they p2 is just scalar multiple of p1. Since minimal polynomial
is monic, the only possible scalar is 1. Therefore, p1 = p2.

There is a special case that the minimal polynomial is just mth power of the matrix.

Definition 2.3 (Nilpotent). An operator N ∈ End(V ) is called nilpotent if

∃m ∈ Z+ : Nm = 0. (2.15)
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Example 2.2.1. For finite-dimensional vector space, annihilation operator a is a nilpotent
operator.

Theorem 2.3. Let A ∈ End(V ). Then

kerA ⊆ kerA2 ⊆ . . . (2.16)

Lemma 2.4. For nilpotent operator N ∈ End(V ) whose degree of minimal polynomial is
m,

kerN ⊆ kerN2 ⊆ . . . ⊆ kerNm = kerNm+1 = . . . = V (2.17)

Theorem 2.5. The eigenvalue of nilpotent operator is 0.

Proof. Let |v⟩ be an eigenvector, that is |Nv⟩ = n|v⟩. Then 0 = |Nmv⟩ = nm|v⟩. Since |v⟩
is nonzero, n = 0.

2.2 Generalised Eigenvector

Let A ∈ End(V ). Recall the definition of eigenvalue and eigenvector:

|(A− λ1)v⟩ = 0 (2.18)

Therefore, if we define Nλ := A− λ1, eigenspace is just

kerNλ. (2.19)

Box 2.3: Generalised Eigevector

Let A ∈ End(V ). If there is a nonzero vector |v⟩ which satisfies,

|(A− λ1)nv⟩ = 0 where n ∈ Z+. (2.20)

we say |v⟩ is the generalised eigenvector .

Then what is n? Since ker(A − λ1)n ⊆ ker(A − λ1)n+1, dim(ker(A − λ1)n) ≤
dim(ker(A− λ1)n+1). But, we work in finite dimension. Therefore,

∃m ∈ Z+ : ∀n ≥ m : ker
(
(A− λ1)m

)
= ker

(
(A− λ1)n

)
. (2.21)

The m can be found from the minimal polynomial. To show it, we first need the decompo-
sition theorem.

Box 2.4: Decomposition of Vector Space

Let V be a complex vector space and A ∈ End(V ). Let the minimal polynomial
being m. That is,

m(A) = (A− λ1)
m1 . . . (A− λr)

mr = 0 (2.22)

Then,

V =
r⊕

i=1

ker
(
(A− λi)

mi
)
. (2.23)

– 10 –



Proof. For notational simplicity, I introduce the notation pi be a polynomial such that
pi(A) = (A− λ1)

m1 and Vi = ker p(A). Then

m =

r∏
i=1

pi (2.24)

Now, let us define
qi :=

m

pi
= p1p2 . . . pi−1pi+1 . . . pr. (2.25)

There are two important properties in this qi. The first is for i ̸= j,

qiqj =
m2

pipj
= p21p

2
2 . . . p

2
i−1pip

2
i+1 . . . p

2
j−1pjp

2
j+1 = m(. . .) (2.26)

In other words, for i ̸= j, qiqj is annihilating polynomial. The second is that collection of
them has no common root. That is q1 has no p1, q2 has no p2. Therefore, gcd(q1, . . . qn) = 1.
The Bézout identity (for polynomial) tells that there exists polyomials ci such ehat∑

i

ciqi = 1. (2.27)

If we put operator in here, we have∑
i

ci(A)qi(A) = 1. (2.28)

From these properties, we can define the idempotent operator. Let us write Pi = ci(A)qi(A).
Then it is idemptent:

Pi = Pi1 = Pi

∑
j

Pj =
∑
j

PiPj = P 2
i . (2.29)

Now recall that m = piqi. Therefore,

piPi = piciqi = cim. (2.30)

Hence,

∀ |v⟩ ∈ V : |pi(A)(Piv)⟩ = |(pi(A)Pi)v⟩ = |ci(A)m(A)v⟩ = |ci0v⟩ = 0. (2.31)

In other words,
imPi ⊆ ker pi = Vi. (2.32)

On the other hand,

∀|v⟩ ∈ Vi : ∀ j ̸= i : |qjv⟩ = |(. . . pi . . .)v⟩ = 0. (2.33)

Therefore,
Vi ⊆ imPi, (2.34)

with previous relation, yields,
Vi = imPi. (2.35)

Since
∑

i Pi = 1,

V =

r⊕
i=1

Vi (2.36)
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Remark. The above decomposition make us define generalised eigenspace.

Definition 2.4. Let V be a complex vector space and A ∈ End(V ). Let the minimal
polynomial being m. That is,

m(A) = (A− λ1)
m1 . . . (A− λr)

mr = 0 (2.37)

A generalised eigenspace of an A corresponding to the eigenvalue λi is

G(λi) := ker
(
(A− λ1)

m1
)
. (2.38)

Remark. Now the the decomposition theorem we proved just above can be stated as every
complex vector space can be decomposed into a generalised eigenspace.

Now let us find the dimension of generalised eigenspace.

Theorem 2.6. Let V be a complex vector space and A ∈ End(V ). Each generalised
eigenspace reduces A.

Proof. In the above we have shown that Vi ⊆ imPi. Therefore, Vi is an invariant subspace
of Pi. Moreover, since they decompose V , we have

V ⊥ = V1 ⊕ V2 ⊕ . . .⊕ Vi−1 ⊕ Vi+1 ⊕ . . .⊕ Vr. (2.39)

From the orthogonality of Pi, we can also see that it is an invariant subspace of Pi.

Now, we see that in general, the linear endomorphism in complex vector space cannot be
diagonalised, but at least we can decompose the vector space with generalised eigenspace.
If we try to diagonalise as much as possible, then what we can get? The answer is the
Jordan normal form.

Definition 2.5 (Jordan Normal form). The matrix A ∈ Matn(C) is called Jordan normal
form if it is the block diagonal form:

A =



J1(λ1) 0 0

0
. . . 0

0 0 Jm(λr)


(2.40)
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where each Ji(λj) = λj1+ Ji(0) is called Jordan block with Ji(0) is the shift of the form:

Ji(0) =



0 1 0 0 . . . 0 0

0 0 1 0 . . . 0 0
...

...
. . . . . . . . . 0 0

...
...

...
. . . . . . 0 0

0 0 0 0
. . . 1 0

0 0 0 0 . . . 0 1

0 0 0 0 . . . 0 0


. (2.41)

Theorem 2.7 (Jordan Normal Form Theorem). Let V be a complex vectorspace. Every
endomorphism A ∈ End(V ) has a basis which makes the matrix representation of A being
a Jordan Normal Form.

Remark. For real vector space, we do not need to have real solutions for the characteristic
equation. So, we need to be care on it. There are useful results and theorem in real vector
space. But, because of time limit, I skip the real vector space.
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